For a Shimura variety of Hodge type with hyperspecial level at a prime p, the Newton stratification on its special fiber at p is a stratification defined in terms of the isomorphism class of the Dieudonne module of parameterized abelian varieties endowed with a certain fixed set of Frobenius-invariant crystalline cycles ("F -isocrystal with G Qp -structure"). There has been a conjectural group-theoretic description of the F-isocrystals that are expected to show up in the special fiber. We confirm this conjecture by two different methods. More precisely, for any Fisocrystal with G Qp -structure that is expected to appear (in a precise sense), first we construct a special point which has good reduction and whose reduction has associated F -isocrystal equal to given one. Secondly, we produce a Kottwtiz triple (with trivial Kottwitz invariant) with the F -isocrystal component being the given one. According to a recent result of Kisin which establishes the Langlands-Rapoport conjecture, such Kottwitz triple arises from a point in the reduction.
Introduction
Fix a prime p > 0, and for g ≥ 1, let A g be the moduli space of principally polarized abelian varieties of dimension g in characteristic p. Then, the Newton stratification on A g is the stratification such that each stratum consists of points x = (A x , λ x ) whose associated p-divisible group (A x [p ∞ ], λ x [p ∞ ]) with quasi-polarization is quasi-isogenous to a fixed one. The Dieudonné module D(X) of a p-divisible group X over a perfect field k of characteristic p > 0 provides an equivalence of categories between the isogeny category of (quasi-polarized) p-divisible groups and the category of (quasi-polarized) F -isocrystals. An F -isocrystal (or simply isocrystal) over a perfect field k of chark = p is a finite-dimensional L(k)-vector space M with a σ-linear bijective operator Φ : M → M , where L(k) := Frac(W (k)) and σ is its Frobenius automophism. According to the Dieudonné-Manin classification, an isocrystal over an algebraically closed field is determined by the slope sequence of Φ. The latter combinatorial datum in turn can be faithfullly represented by a lower-convex (piecewise-linear) polygon with integral break points lying in the first quadrant of Z 2 , which will be called Newton polygon hereafter. In other words, the Newton polygon of D(A x [p ∞ ]) determines the quasi-isogeny class of A x [p ∞ ]. The existence of a quasi-polarization forces the Newton polygon of D(A x [p ∞ ]) to be "symmetric". Then, a natural question arises which symmetric Newton polygon can be the Newton polygon of a point of A g . In fact, the Newton polygons arising from points of A g in the just described way meet two more restrictions. First, when the initial point is located at the origin, the end point is always (2g, g) ∈ Z 2 . Secondly, it "lies above" the ordinary Newton polygon, which by definition is the Newton polygon having two slopes (0, 1) with same multiplicities g. And, it has long been known (after it was conjectured by Manin) that any Newton polygon subject to these two restraints is the Newton polygon of a point on A g ; a proof can be found e.g. in [Oor13, Cor.7 .8], which uses the Honda-Tate theory, thus gives examples defined over finite fields.
The main result of this article is a generalization of this fact to more general moduli spaces of abelian varieties, namely to Shimura varieties of Hodge type.
Let (G, X) be a Shimura datum of Hodge type. This means that there exists an embedding of Shimura data (G, X) ֒→ (GSp(W, ψ), H ± g ) into a Siegel Shimura datum, in the sense that there exists an embedding ρ W : G ֒→ GSp(W, ψ) of Q-groups which sends each morphism in X to a member of H ± g ; we fix such an embedding. For a compact open subgroup K ⊂ G(A f ) (which will be tacitly assumed sufficiently small), the associated (canonical model over the reflex field E(G, X) of the) Shimura variety Sh K (G, X) parameterizes polarized abelian varieties endowed with a fixed set of (absolute) Hodge cycles and a K-level structure, and carries a universal family of abelian varieties A → S K := Sh K (G, X) equipped with a similar set of (absolute Hodge) tensors on H 1 dR (A/S K ). To study its reduction modulo p, we fix a prime ℘ of E := E(G, X) and let O := O (℘) be the localization at ℘ of the ring of integers of E with residue field κ(℘). To obtain an integral model over O with good reduction, we assume that G ⊗ Q Q p is unramified, which is the same as that there exists a reductive group scheme G Zp over Z p with generic fibre G ⊗ Q p . We choose one such model G Zp and set K p := G Zp (Z p ) (such compact open subgroups of G(Q p ) are called hyperspecial). For K, we take K = K p × K p for a (sufficiently small) compact open subgroup K p ⊂ G(A p f ). Then, by Vasiu ([Vas99] ) and Kisin ([Kis10] ), it is known that there exists a smooth integral model S K := S K (G, X) over O with generic fibre S K , which is furthermore uniquely characterized by a "Neron-extension property", and has a universal abelian scheme A over it by construction (see §3.1 for details). To define the F -isocrystal attached to a point of the reduction S K ⊗ O κ(℘), we fix (for simplicity) an algebraically closed field k of finite transcendence degree overF p . Let z be aC cases, then by Viehmann-Wedhorn [VW13, Thm.1.6] in general cases, and by Kret [Kre13] for some simple groups of Lie type A or C. For a general Hodge-type Shimura variety, to the best of the author's knowledge, there are two partial results. First, Wortmann [Wor13] showed non-emptiness of µ-ordinary locus; the µ-ordinary locus is a generalization of the (usual) ordinary locus in A g . And, for projective Shimura varieties of Hodge type, Koskivirta [Kos14] proved the conjecture (non-emptiness of all Newton strata).
While all these previous results on the non-emptiness of Newton strata, except for that of Kret, are obtained by characteristic-p geometric methods, which are often of limited applicability for Hodge-type Shimura varieties, we draw reader's attention to that the first claim of our theorem above is a purely group-theoretic statement on Shimura data without any reference to geometry of Shimura variety. When the Shimura datum is of Hodge type, this group-theoretic statement carries a geometric meaning of the second claim (by Lemma 3.2.4). In this geometric interpretation of the group-theoretic statement of the first claim, the only geometric property that we use about the canonical integral model S K is the Neron-extension property, which is in the end a consequence of smoothness of S K .
We also point out that our method of proof of the theorem, more precisely that of constructing a special point with certain prescribed properties, allows us to obtain some finer results. First, as already apparent, we prove more than just non-emptiness of Newton strata, namely we show existence of a special point whose reduction lying in any given Newton stratum. As another example, we also prove a generalization of a result of Wedhorn [Wed99,  2) Let (G, X) be a Shimura datum of Hodge type. Suppose that G Qp is unramified and choose a hyperspecial subgroup K p of G(Q p ). Let ℘ be a prime of E(G, X) above p. Then the reduction S Kp (G, X) × κ(℘) has non-empty ordinary locus if and only if ℘ has absolute height one (i.e. E(G, X) ℘ = Q p ).
Our second proof of the non-emptiness of Newton strata is by construction of a Kottwtiz triple. A Kottwitz triple is a triple of elements in the product
satisfying certain compatibility conditions among themselves and some other conditions. It has been expected that one can attach such triple to every point of S K over a finite field, such that γ l (l = p) is the (relative) Frobenius acting on the l-adic etale cohomology and δ is the (absolute) Frobenius on the crystalline cohomology of the abelian variety corresponding to the point. This was established by Kisin in the course of his proof of the Langlands-Rapoport conjecture ( [Kis13] ). In fact, this Langlands-Rapoport conjecture implies that every Kottwitz triple meeting suitable conditions (especially, vanishing of the Kottwitz invariant) also comes from a point over a finite field. Therefore, in view of this, our second proof is deduced from the following result: Theorem 1.0.3 (Thm. 5.3.1, Cor. 5.3.3). Keep the assumptions and notations from the above theorem, and assume further that the derived group G der of G is simply connected.
Then, for every b ∈ B(G Qp , X), there exists a Kottwitz triple (γ 0 ; γ, δ) ∈ G(Q × A p f × Q ur p ) with δ ∈ b and having trivial Kottwitz invariant. In particular, there exists a point x ∈ Sh Kp (G, X)(F p ) whose associated F -isocrystal is b, whereF p is an algebraic closure of κ(℘).
We refer readers to §6 for the definitions of Kottwitz triple and Kottwitz invariant, and also to Theorem 5.3.1 for a more precise statement of the result in this theorem.
Our two proofs of the non-emptiness of Newton strata are not unrelated. Both are based on the fact that for every b ∈ B(G Qp , X), the condition ( †) in Theorem 4.1.1 holds. We verify this in Proposition 4.2.4 in two ways. In fact, this was proved in [LR87] , Lemma 5.11. However, we also present our own proof which was found before the proof of Langalnds-Rapoport came to our attention. Our proof is similar to theirs, but also differs in details.
Finally, we remark that since our methods of proof of the above results are purely grouptheoretic (making heavy use of Galois cohomology of algebraic groups), they are very likely to apply to more general Shimura varieties, particularly to Shimura varieties of abelian-type and/or with non-hyperspecial level. We did not pursue such ideas in this article, though.
This article is organized as follows. In Section 2, we give a brief account of the theory of Newton map for reductive groups over p-adic fields and provide a collection of some basic facts. In Section 3, we review the construction of the canonical integral model S Kp (G, X) of a Hodge-type Shimura variety Sh Kp (G, X) with hyperspecial level, due to Vasiu and Kisin, and the Newton stratification on its (good) reduction S Kp (G, X) ⊗ κ(℘). Here, we give a criterion when a special point on Sh K (G, X) has good reduction at given embedding ι p : Q ֒→ Q p , and identifies the F -isocrystal of its reduction in terms of the defining special Shimura datum. Section 4 is devoted to the first proof of the non-emptiness of Newton strata, by constructing a special point with good reduction at ι p and with prescribed F -isocrystal. Our construction is carried out, assuming that given isocrystal b ∈ B(G Qp ) satisfies the condition ( †) in Theorem 4.1.1. Then, we verify that the condition ( †) holds for every isocrystal b ∈ B(G Qp ). We first present the proof of Langlands-Rapoport [LR87, Lemma5.11] of this, and then our own argument. Combining these results, we get our first proof of non-emptiness of Newton strata. As a corollary, we also obtain a criterion of when the good reduction of a Shimura variety with hyperspecial level has an ordinary point. In the final section, Section 5, we give our second proof of the non-emptiness of Newton strata, by constructing a Kottwtiz triple with prescribed isocrystal component. We begin by a review of the definitions of Kottwitz triple and Kottwitz invariant. Our construction of such Kottwitz triple (with trivial Kottwitz invariant) also uses the aforementioned fact that every isocrystal b ∈ B(G Qp , X) satisfies the condition ( †).
Notations
Throughout this paper, Q denotes the algebraic closure of Q inside C (so Q has a previliged embedding into C).
For a (connected) reductive group G over a field, we let G sc be the universal covering of its derived group G der , and for a (general linear algebraic) group G, Z(G) and G ad denote its center and the adjoint group G/Z(G), respectively.
F -isocrystals and Newton maps for reductive groups over p-adic fields
In this section, we give a brief review of the Newton map which is defined for connected reductive groups over p-adic fields. For more details on the material discussed in this section, see, e.g. [Kot85] , [RR96] , [Rap05] and references therein.
Preliminaries
Let G be a connected reductive group over an arbitrary field F of characteristic zero.
2.1.1 Any Borel pair (T, B) of G F (i.e. T is a maximal torus of G F and B is a Borel subgroup of
where
is the root datum of (G, T ) (the usual notation) and ∆(T, B) is the root base of R * (T ) determined by B. A based root datum of G has a canonical Galois action τ :
where g ∈ G(F ) satisfies gσ(T, B)g −1 = (T, B); this action can be also understood as a natural action of Gal(F /F ) on the orbit space
) is the normalizer (resp. centralizer) of T in G.
Let C(T, B)
⊂ X * (T ) Q be the closed Weyl chamber corresponding to a root base ∆(T, B)
of R * (T ):
This is a fundamental domain for the action of the Weyl group on X * (T ) Q and is stable under the action of Gal(F /F ) just defined. Note that when T is defined over F , we also have a "naive" Galois action on X * (T ) defined in terms of the F -structure of T only. In this article, we call the former action on C(T, B) canonical action, to distinguish it from the naive action on X * (T ). When G is quasi-split, i.e. when there is a Borel subgroup B of G defined over F , the naive action on X * (T ) restricts to the canonical action on C(T, B). For any other Borel pair (T ′ , B ′ ), there is g ∈ G(F ) such that (T ′ , B ′ ) = g(T, B)g −1 and the resulting isomorphism of based root data
is independent of the choice of g and is Gal(F /F )-equivariant. The based root datum BR(G) = (X * , R * , X * , R * , ∆) of G is the projective limit of all such based root data BR(G, T, B) (where (T, B) runs through the set of Borel pairs of G F ). This is equipped with a canonical Galois action Gal(F /F ) → Aut(BR(G)).
2.1.3
For an algebraically closed extension K of F , let C G (K) denote the set of G(K)-conjugacy classes of (algebraic group) homomorphisms G m,K → G K . Then, for any maximal torus T of G F , we have a canonical identification
In particular, we have C G (K) = C G (F ) for any algebraically closed extension K of F .
Newton maps
Next, we review the definition of Newton map. Let k be an algebraically closed field of characteristic p, and let W (k) (resp. K 0 = L(k)) be its Witt vector ring (resp. the fraction field of W (k)). Fix an algebraic closure K 0 of K 0 . In this subsection, let F be a finite extension of Q p in K 0 , and let L be the composite of K 0 and F in K 0 ; for our application to Shimura varieties, the most interesting case is when
Denote by σ the Frobenius automorphism on K 0 (and its extension to an element of Aut(L/F )). Let G be a connected reductive group G over F . Let Gal F := Gal(F /F ).
2.2.1 Let B(G) be the set of σ-conjugacy classes in G(L):
2.2.2
Let D be the pro-algebraic torus with character group Q. We define N (G) to be the set of σ-invariants in the set of conjugacy classes of homomorphisms D L → G L :
where σ denotes the infinite cyclic group generated by σ (and is endowed with the discrete topology). For example, when G = T is a torus, we have
If T ⊂ G is a maximal F -torus with (absolute) Weyl group Ω, there is a natural identification
In particular, if G is quasi-split and T is a maximal F -torus contained in a Borel subgroup B defined over F , N (G) can be identified with the subset of Gal F -invariants in C(T, B).
for which there are an integer s > 0, an element c ∈ G(L) and a uniformizing element π of F such that:
(ii) Int(c) • sν is defined over the fixed field of σ s in L.
The map b → ν b has the following properties.
By the properties (b) and (c), we obtain a well-defined map ν G : B(G) → N (G). The induced functorial map ν, defined on the category of connected reductive groups, is called the Newton map:
Here, b (resp. ν b ) is the σ-conjugacy class of b (resp. the conjugacy class of ν b ). When G = GL h , B(G) classifies the isomorphism classes of σ − L-spaces of height h, and the Newton map sends a σ − L-space of height h to its Newton polygon which is represented in N (G) by the corresponding slope homomorphism (cf. Example 1.10 of [RR96] ).
2.2.4
Recall the canonical action of Gal F on a based root datum BR(G, T, B) (cf. Subsection 2.1). The induced action of Gal F on
is independent of the choice of B, where Φ(G, T ) denotes the set of roots of T and for α ∈ Φ(G, T ), α ∨ is the coroot of α. Moreover, for another maximal torus T ′ of G, we have a canonical isomorphism π 1 (G, T ) = π 1 (G, T ′ ) of Gal F -modules. The algebraic fundamental group π 1 (G) of G is defined to be this common Gal F -module; The functor is an exact functor from the category of connected reductive groups over F to the category of finitely generated discrete Γ F -modules, cf. [RR96, 1.13]. For a torus T = G, we have π 1 (T ) = X * (T ).
The functor π 1 (·) Gal F ⊗ Q defines an exact functor from the category of connected reductive groups over F to the category of finite-dimensional Q-vector spaces. There is a canonical isomorphism
where Z( G) denotes the center of the Langlands dual group of G and
is the group of coinvariants of π 1 (G) for the canonical action of Gal F . 
of set-valued functors on the category of connected reductive groups over F such that on G m we have
where the valuation on L is normalized by ord L (π L ) = 1 for a uniformizer π L , and for tori it is an isomorphism.
(ii) There is a unique natural transformation of functors on the category of connected reductive groups δ :
such that for a torus this is the natural identification
(iii) The following diagram is functorial (in the sense of pointed sets)
Here, the map α G in the bottom is given by
For a detailed discussion of this theorem, we refer to [Kot85] .
3 Newton stratification on good reduction of Shimura variety 3.0.6 Let (G, X) be a Shimura datum. For a morphism h : S → G R in X, the associated Hodge
is the composite of h C : S C → G C and the cocharacter of S C ∼ = C֒→C G mC corresponding to the identity embedding C ֒→ C. Let c(G, X) denote the G(C)-conjugacy class of cocharacters of G C containing µ
for an arbitrary h ∈ X. For a maximal torus T of G Q , we can consider c(G, X) as an element of X * (T )/Ω. Alternatively, when we fix a based root datum BR(G, T, B), c(G, X) has a unique representative in the associated closed Weyl chamber C(T, B). We will also identify the conjugacy class c(G, X) with this representative:
The reflex field E(G, X) of a Shimura datum (G, X) is the field of definition of c(G, X) ∈ C G (Q), i.e. the fixed field of the stabilizer of c(G, X) in Gal(Q/Q); so a reflex field, which is a finite extension of Q, is always a subfield of C, cf. [Del77, Lemme1.2.4]. When T is a torus, the reflex field E(T, {h}) is just the smallest subfield of Q ⊂ C over which the single morphism µ h is defined.
3.1 Integral canonical model Let (G, X) be a Shimura datum of Hodge type provided with
and that ρ induces an embedding (of weakly canonical models of Shimura varieties)
Proof. This is shown in [Kis10, (2. 3)]. We give a brief summary of it (also see the introduction of [Vas08] 
We denote by S K (G, X) the normalization of the closure of Sh Theorem 3.1.3. Retain previous assumptions (particularly, p > 2 and K p is hyperspecial).
(1) The scheme S Kp (G, X) is an inverse limit of smooth O (℘) -schemes with finiteétale transition maps, whose restriction to E(G, X) can be G(A p f )-equivariantly identified with Sh Kp (G, X).
(2) The scheme S Kp (G, X) has the following extension property: for any regular, formally smooth
In particular, S Kp (G, X) itself is regular and formally smooth over O (℘) . We call the O (℘) -(pro)schemes S K (G, X) and S Kp (G, X) integral canonical model of Sh K (G, X) and Sh Kp (G, X), respectively. Remark 3.1.4. This definition of the extension property is due to Kisin ([Mil94] , Cor. 4.7 (a)) and over any d.v.r unramified over Z (p) , every regular, formally smooth scheme is healthy regular (if p > 2), according to a lemma of Faltings ([Moo98, 3.6]). Consequently, this difference (and related other minor differences) will not affect our arguments involving the integral canonical models, since our use of the integral canonical models will be only restricted to its extension property for discrete valuation rings unramified over O (℘) .
Newton stratification
We keep the notations and assumptions from the previous subsection. In particular, we are given a hyperspecial subgroup K p of G(Q p ), and accordingly a reductive group scheme G Zp over Z p with generic fibre G Qp and such that G Zp (Z p ) = K p . Also, choose a lattice W Z of W and a closed embedding
as in Lemma 3.1.1. Further, we fix an embedding ι p : E(G, X) ֒→ Q p inducing ℘ on E(G, X). Let S K ⊗ κ(℘) and S Kp ⊗ κ(℘) be the reductions of S K and S Kp at ℘, respectively. In this subsection, we define the Newton stratification on these schemes, following [Rap05] , [Vas08] , [Wor13] .
3.2.1 For a vector space or a free module over a d.v.r V , let T (V ) be the tensor space attached to V , i.e. T (V ) = ⊕ s,t∈Z ≥0 V ⊗s ⊗ (V ∨ ) ⊗t . Let {s α } α∈J be the set of tensors on W Q fixed under the extended action of G Q ֒→ GL(W ) on T (W ). Let (π : A → Sh K , λ A ) be the pull back to Sh K = Sh K (G, X) of the universal abelian scheme with a polarization of degree d over A g,d,H , where as usual we assume K p to be sufficiently small for this to make sense. We have the local system W := R 1 (π an ) * Q of Q-vector spaces and the (analytic) vector bundle W an
with Gauss-Manin connection (which is an integrable connection with regular singularities); by Deligne's theorem, the latter is the analytification of a unique algebraic vector bundle W := R 1 π * Ω • A/Sh K with integrable connection over Sh K . Each tensor s α defines a global section s α,B of the local system T (W) and also a global section s α,dR of the vector bundle T (W) ([Kis10, (2.2)]). Now, let F ⊃ E(G, X) be an extension which can be embedded in C; we fix an embedding σ ∞ : F ֒→ C which extends the given embedding E(G, X) ֒→ C. For x ∈ Sh K (G, X)(F ), let A x be the corresponding abelian variety over F , and let
, where G acts on W ∨ by the contragredient representation, and s α,B,σ∞(x) is the image of s α by any such isomorphism (so, does not depend on the choice of such isomorphism). For each prime l, let s α,l,σ∞(x) be the tensor in
which is the preimage of s α,B,σ∞(x) under the canonical isomorphism
where the first isomorphism σ ∞ is the proper base change isomorphism inétale cohomology. Also, it is known ([DMOS82, Cor.2.8]) that the image of s α,B,σ∞(x) under the comparison isomorphism
, from which it follows ([Kis10, (2.2.1)]) that s α,ét,σ∞(x) is fixed under the canonical Galois action of Gal(F /F ), hence in fact, s α,dR,σ∞(x) belongs to the subspace T (H 1 dR (A x /F )).
We show how every geometric point
with quasi-polarization gives rise to an F -isocrystal over k equipped with a non-degenerate alternating pairing. More precisely, the crystalline cohomology
is an alternating form with the property that φ(
To show that the
Cor.4.7]), and set (
) be the set of absolute Hodge cycles on A x (see [DMOS82] for the notations appearing here), and for each
. Then, one can identify J as a subset of J x (see below for a proof) and the triple
depends only on z, not on the lift x: this is basically because for any two lifts x, x ′ of z, the composite map
is given by parallel transport with respect to the Gauss-Manin connection ([BO83, (2.9)]). Also, the cycle t β,z is crystalline, namely t β,z belongs to the F 0 -filtration of T (M ⊗ L(k)) and is fixed under the Frobenius φ (originally, this was proved when x is defined over a number field, by Wintenberger and Blasius [Bla94, §5] , as a consequence of the fact that the Hodge cycles on an abelian variety over a number field are de Rham and the compatibility of the crystalline and the de Rham comparison isomorphisms [Bla94, 5.1(5)]. Then, Vasiu [Vas08, Sec.8] generalized it to arbitrary fields). Moreover, there exists an
which maps s α , for every α ∈ J , to t β,z for some β = β(α) ∈ J x . Indeed, as before we choose an embedding σ ∞ : L(k) ֒→ C which extends the given embedding E(G, X) ֒→ C. Then, for each β ∈ J x , as t β,dR,x is the de Rham component of an absolute Hodge cycle on A x , there exists a tensor v β ∈ T (W ) such that σ ∞ (t β,dR,x ) is the image of v β under the comparison isomorphism
where as noted above the first isomorphism exists and is unique up to the action of G(Q) on W ∨ . Because for each α ∈ J , σ ∞ (s α,dR,σ∞(x) ) is the image of s α of the same isomorphism and also is the de Rham component of an absolute Hodge cycle on A x , for every α ∈ J , s α equals v β for some β = β(α) ∈ J x (which gives an injection J ֒→ J x mentioned above), i.e. the set {v β } β∈Jx contains the set {s α } α∈J . Then, the functor defined on L(k)-schemes
represented by a scheme which is non-empty as it has a C-valued point, and thus is a torsor over
Therefore, when one chooses an isomorphism as in (3.2.2.1) to transport the σ-linear map φ to
. Although b depends on the choice of an isomorphism (3.2.2.1), its σ-conjugacy class b ∈ B(G Qp ) is independent of such choice. This shows that the F -isocrystal over k attached to z is an F -isocrystal with G Qp -structure. For arbitrary point z of S K (G, X)⊗κ(℘), we define the F -isocrystal attached to z to be the F -isocrystal of the geometric point in S K (G, X)(k) induced from z for any algebraically closed field k containing the residue field κ(z) of z: the resulting F -isocrystal does not depend on the choice of k ′ (cf. [VW13, §8] ). Therefore, we obtain a (set-theoretic) map Θ :
We note that the same argument also establishes that if x ∈ Sh K (G, X)(F ) is a special point corresponding to a special Shimura datum (T, h ∈ Hom(S, T R ) ∩ X), the associated isocrystal has a representative in T (L). Indeed, by the moduli interpretation, there is an isomorphism of polarized
, where on the left side the Hodge structure is given by h, so T ⊂ GL(W ) is the stabilizer of the Hodge tensors {v β } β∈Jx ⊂ T (W ), and according to the above discussion, the associated element b ∈ G(L(k)) fixes all of the tensors {v β } β∈Jx .
Finally, we remark that although our definition of the F -isocrystal attached to a point of S K (G, X)(k) uses cohomology spaces, one can equally work with homology spaces, as adopted by other people (such as [VW13] ). This does not alter the definition of the map Θ.
3.2.3
We recall that for a torus T over a non-archimedean local field F , there exists a unique maximal compact subgroup of T (F ) (which is also open). In fact, T has a canonical integral form T over O F such that for every finite extension
. If E is a finite Galois extension of F splitting T , the maximal compact subgroup of
is the unique hyperspecial subgroup of T (F ) (cf. Thm. 1 and the discussion after Prop. 2 in §10.3 of [Vos98] , [Tit79] ). We will also write simply
where L(F q ) = Frac(W (F q )) is any splitting field of T Qp (q = p r ).
A special point of Sh K will be said to have good reduction at ι p if it extends to an O ιp -valued point of S K for the valuation ring O ιp of Q defined by ι p .
Proof.
(1) The statement on the field of definition is an easy consequence of the reciprocity law chararcterizing the canonical model of Shimura varieties ( [Del71, §3] ) and the local class field theory. For any compact open subgroup Del71, 3.15] ). The action of Gal(Q/E) (which factors through the abelianization Gal(E ab /E)) on the group Sh K ′ (T, {h})(Q) = T (Q)\T (A f )/K ′ is given by (the adelic points of) the reciprocity map ([Del71, 3.9])
where one uses the convention on the class field theory that under the identification Gal(E ab ℘ /E ℘ ) = E × ℘ , the geometric Frobenius corresponds to a uniformizer of E ℘ . But, the image in 
, we may regard L as an extension of F . The statement on the Newton point follows from the first statement and Theorem 2.2.5. The claim that the F -isocrystal of z is represented by µ
is Lemma 13.1 of [Kot92] ; as was observed above, we already know that it is represented by an element of T (L). More precisely, this lemma is a corollary of Lemma 12.1 of loc.cit., which is a statement purely for a torus over a non-archimedean local field and a cocharacter of it (in particular, in Lemma 12.1 it is not required that the torus is defined by a PEL-datum), and the argument in [Kot92] of deducing Lemma 13.1 from Lemma 12.1 still works in our situation of a general Hodge-type. To see that in detail, we reproduce the Kottwitz's argument here, pointing out necessary modifications explicitly along the way.
We fix an embedding σ ∞ : L ֒→ C which extends the given embedding
, determined uniquely up to action of G; we fix one. Accordingly, we get an isomorphism
by the isomorphism (3.2.1.1), via which we transport the action of T Qp on W ∨ Qp (i.e. the contragredient representation) to
) factors through T Qp and the restriction to Gal(Q p /Q ur p ) = Gal(Q p /F ur ) of the resulting representation equals the homomorphism
attached to (T Qp , µ h ) by the procedure of §12 of [Kot92] (just as in the PEL-type case); in particular, it is a crystalline representation. Indeed, as we have seen from [Kis10, (2.2.1)], the absolute Hodge cycles on A x are invariant under Gal(F /F ), which proves the first claim. The second claim holds because we can reduce our case to the Siegel case by means of the symplectic embedding G ֒→ GSp(W, ψ). Next, we need three Q p -linear Tannakian categories: RE P(T Qp ) is the neutral Q p -linear Tannakian category of finite-dimensional representations of the torus T Qp , C R(F ) is the neutral Q plinear Tannakian category of finite-dimensional crystalline representations of Gal(Q p /F ur ), and C RY S denotes the Q p -linear Tannakian category of F -isocrystals (U, Φ), where U is a finite dimensional vector space over L and Φ is a σ-linear bijection Φ : U → U . Then, to any cocharacter µ ∈ X * (T Qp ), there is attached a (composite) tensor functor
Here, the first functor ρ * µ h is dual to the homomorphism
.2) and the second functor D is the Dieudonné functor in the Fontaine-Messing theory: for a finite unramified extension E(⊂ Q ur p ) of F and a crystalline representation V of Gal(Q p /E),
where B cris is the crystalline period ring of Fontaine-Messing ( [FM87] ). On the other hand, if for a field K, V E C K denotes the category of finite-dimensional K-vector spaces, from the fibre functor
, this fibre functor is isomorphic to the standard fibre functor ω 0 :
Now, it follows from the above discussion (on the homomorphism ρ T Qp ,µ h ) that for the natural representation W Qp of T Qp , the associated crystalline representation ρ *
cris (A z /L) (V being the Verschiebung). Then, Lemma 12.1 of [Kot92] says that if one transports the Frobenius operator
, then one has an equality
in B(T Qp ). It also holds that
Therefore, to prove the statement (2), we only need to show that for any identification f :
for every α ∈ J , to t β,z for some β = β(α) ∈ J x . We remark that in the PEL-type setting, the tensors involved are morphisms in tensor categories, so this was obvious. In a general Hodge-type case, the proof of this fact requires more sophisticated argument and also a non-trivial fact ( [Bla94] ) that the Hodge cycles on abelian varieties over number fields are de Rham.
In more detail, we consider each tensor s α as a morphism
, where 1 is the trivial representation Q p (which is an identity object of the tensor category RE P(T Qp )) and W ⊗ Qp denotes some specific object of RE P(T Qp ). Apply the functor Ξ µ , we get a morphism
, again this is equivalently regarded as a crystalline tensor on Ξ µ (W Qp ) = H cris 1 . Moreover, as f : ω 1 → ω 0 is an isomorphism of fibre functors, we have a commutative diagram of L-vector spaces
As the isomorphism f (1) is the multiplication by an element of L, by modifying f , we may assume that f (1) is the identity on 1 = Q p . This implies that under f (W Qp 
3.2.5
We fix an embedding ι p : Q ֒→ Q p for an algebraic closure Q p of Q p , thereby an inclusion
This allows us to consider c(G, X) as an element of C G (Q p ). As such, the field of definition of c(G, X) is equal to the ℘-adic completion E(G, X) ℘ of E(G, X), where ℘ is the prime of E(G, X) induced by ι p .
Let BR(G Qp ) = (X * , R * , X * , R * , ∆) be the based root datum of G Qp and C ⊂ (X * ) Q the closed Weyl chamber associated with the root base ∆. Denoting also by c(G, X) its (unique) representative in C, we set
Here, the action of Γ(p) on C is the canonical action and Γ(p) c := Gal(Q p /E(G, X) ℘ ), i.e. the stabilizer of c(G, X) in Γ(p).
3.2.6
As X * (T ) = X * ( T ) for the dual torus T of T , regarded as a character on T , we can restrict
This depends only on the pair (G, X) (more precisely, on the pair (G Qp , c(G, X) ∈ C G (Q p ))). Alternatively, under the identification X * (Z( G) Γ(p) ) = π 1 (G) Γ(p) , the element µ ♮ equals the image of µ ∈ X * (T ) under the canonical map
, where µ is any cocharacter of T Q p that lies in the conjugacy class c(G, X) of cocharacters of G Q p .
3.2.7
We define a finite subset B(G Qp , X) 
where κ G Qp is as defined in Theorem 2.2.5 and is the natural partial order on the closed Weyl chamber C(T, B) defined by that ν ν ′ if ν ′ − ν is a nonnegative linear combination with real coefficients of simple coroots in R * (T ) ([RR96], Lemma 2.2).
One knows ([Kot97, 4.13]) that the map (ν, κ) :
(1) The image of Θ :
For (1), see e.g. [RR96] . The second statement (2) is due to [Vas11, 5.3 .1]. Endowed with reduced induced subscheme structure, the subvarieties S b of S K (G, X) ⊗F p are called the Newton strata of S K (G, X).
In [Rap05] , Conjecture 7.1, Rapoport conjectures Conjecture 3.2.9.
Remark 3.2.10.
(1) As mentioned briefly in the introduction, this non-emptiness conjecture of Newton strata was proved for PEL-type Shimura varieties by C.-F. Yu [Yu05] in Lie-type C cases and by Viehmann-Wedhorn [VW13] in general cases. Their methods of proof are both characteristic-p geometric, which are not applicable for Hodge-type Shimura varieties.
(2) It is known (cf. [RR96] , [Cha00] ) that with respect to the partial order on B(G Qp , X), there exist a unique maximal element, called µ-ordinary element, and a unique minimal element, called basic element. The µ-ordinary element is nothing other than (the σ-conjugacy class in B(G Qp , X) with Newton point) µ(G, X): it is clear from definition that µ(G, X) ∈ B(G Qp , X). Previously, non-emptiness of these two special strata have been known. For the µ-ordinary locus, this was first proved by Wedhorn ([Wed99] ) in the PEL-type cases, using an equi-characteristic deformation argument (which is thus yet unavailable for Hodge type Shimura varieties) and by Wortmann [Wor13] for general Hodge-type cases, along the line of Viehmann-Wedhorn [VW13] comparing the Newton stratification with the Ekedahl-Oort stratification. As such, Wortmann's work makes an essential use of the Kisin's results on the integral p-adic comparison between the etale cohomology with Z p -coefficients and the crystalline cohomology with integral coefficients, endowed with tensors (which is also established by [Vas12] ). There was also a group-theoretic approach of Bultel [Bul01] . The µ-ordinary locus is also known to be dense and open. In the PEL-type cases, non-emptiness of the basic locus was shown by Fargues [Far04] .
(3) There is a conjectural formula for the (co)dimension of each Newton stratum, given by Chai [Cha00] . The result of Kret [Kre13] , alluded in the introduction, in fact proves this formula in the simple PEL-type cases of Lie type A or C. His result depends on the resolution of Kisin [Kis13] of the Langlands-Rapoport conjecture and the stabilization of the twisted trace formula. We also mention the work of Scholze-Shin [SS13, Cor.8.4] of similar flavor.
(4) Originally, Conjecture 3.2.9 was formulated for general parahoric subgroup K p . But, if K p is not hyperspecial, the µ-ordinary locus may not be dense, as the example of Stamm [Sta97] shows (the Hilbert-Blumenthal surfaces with Iwahoric level structure at p). Still, our result (the first method of proof) proves that if there exists an integral model for which a suitable Neron-extension property similar to Theorem 3.1.3 holds, then the Newton strata (parametrized by the same set B(G Qp , X)) on the reduction of such model are all non-empty.
(5) We do not know yet that our definition of the isocrystal with G Qp -structure is an isocrystal with G Qp -structure on S K ⊗κ(℘) in the sense of [RR96, §3] . Due to this flaw, some basic properties on Newton stratification that are known for PEL-type Shimura varieties, such as the Grothendieck specialization theorem, are not yet established for Hodge type Shimura varieties. For some known properties, we refer to [Rap03] , [Vas08] .
Construction of special Shimura datum with prescribed F -isocrystal
Suppose given a Shimura datum (G, X) of Hodge type such that G Qp is unramified. Fix a hyperspecial subgroup K p of G(Q p ) and a prime ℘ of E(G, X). We choose embeddings ι ∞ : Q ֒→ C and ι p : Q ֒→ Q p inducing ℘ on E(G, X). Let S Kp (G, X) be the canonical integral model of the Shimura variety Sh Kp (G, X). The goal of this section is to prove the fact that for any F -isocrystal with G Qpstructure b lying in B(G Qp , X), there exists a special Shimura sub-datum (T, h ∈ Hom(S, T R ) ∩ X) such that T Qp is unramified and the unique hyperspecial subgroup is contained in a G(Q p )-conjugate of K p , and that the σ-conjugacy class of µ
Later, from such special Shimura datum, we will find a special Shimura sub-datum (T ′ , h ′ ) with unramified T ′ Qp and T ′ (Z p ) ⊂ K p , and further such that for any g f ∈ G(A f ), the special point x = [h ′ , g f ] ∈ S Kp (G, X)(Q) has good reduction at ι p and the associated F -isocrystal with G Qp -structure of its reduction is b.
4.1 Construction of special Shimura datum with prescribed F -isocrystal satisfying condition ( †) We will use the following notation in the remaining of this section. Let M be a reductive group over a field F (of characteristic zero) and T a maximal F -torus of M . For any µ ∈ X * (T ), we let [µ] M denote its image under the natural map
(Although the field F does not enter the notation, in most cases, this will not cause confusion; F will be the natural field over which M is to be considered.) Remember that we had fixed two embeddings Q ֒→ C, Q ֒→ Q p , and using these we will regard every conjugacy class of cocharacters of G C (for example, c(G, X)) as a conjugacy class of cocharacters of G Q p . Suppose that Theorem 4.1.1. Let (G, X) be a Shimura datum. Let p be a rational prime such that G Qp is unramified, and b ′ ∈ B(G Qp ). Suppose that ( †) there exists a pair (T ′ , µ ′ ), where T ′ is an unramified maximal Q p -torus of G Qp , and
Then, there exists a special Shimura datum (T, h ∈ X ∩ Hom(S,
Moreover, for any finite prime l = p of Q, we can choose such (T, h) with T Q l being elliptic in G Q l
We note that when b ′ ∈ B(G Qp , X), the equality
the condition in ( †)) is equivalent to the equality
of elements in B(G Qp ), because of Lemma 3.2.4 and the fact that the map
is injective ([Kot97, 4.13]).
Proof. Our proof consists of two steps. Fix a rational prime l different from p.
Step 1. First, we claim that if the assumption ( †) holds, then it holds with T ′ = (T 0 ) Qp for some maximal Q-torus T 0 of G which is elliptic at both R and l. More precisely, we find a maximal Q-torus T 0 of G such that (T 0 ) Qv is elliptic in G Qv for v = ∞, l and that (T 0 ) Qp = Int(g p )(T ′ ) for some g p ∈ G(Q p ). To that end, we consider the following three sets:
These sets are all non-empty: for v = ∞, this follows from the Deligne's condition on Shimura data ([Del77, (2.1.1.2)]), and for v = l, from [PR94, Thm. 6.21]. They are also open in the real, l-adic, and p-adic topology, respectively: "for sufficiently close two regular semisimple elements, their centralizers are conjugated" (cf. [Bul01] , proof of Lemma 3.1). So, by weak approximation theorem, there exists an element x ∈ G sc (Q) which lies in all of them. Its centralizer T 0 := Cent G (x) is then the desired maximal torus.
Clearly, for any g ∈ G(Q p ) (especially, g ∈ G(Q p ) with (T 0 ) Qp = gT ′ g −1 ), the new pair (T 1 , µ 1 ) = (gT ′ g −1 , gµ ′ g −1 ) still satisfies the condition ( †). Hence, in the rest of our proof, we may and do assume that the condition ( †) holds for a pair (µ ′ , T ′ ) such that T ′ = (T 0 ) Qp for some maximal Q-torus T 0 of G which is elliptic at R and at our chosen prime l = p.
Step 2. Next, for any maximal Q-torus T 0 of G, elliptic at R, and each cocharacter µ ′ ∈ X * (T 0 ), we claim that there exists u ∈ G(Q) such that (i) Intu : (T 0 ) Q ֒→ G Q is defined over Q and the Q-torus T := Intu(T 0 ) is elliptic in G over R,
h for some h ∈ Hom(S, T R ) ∩ X. Moreover, if (T 0 ) Q l is elliptic in G Q l for some l = p, there exist such u ∈ G(Q), h ∈ X satisfying, in addition to these properties, that
Our proof is an adaptation of the argument of [LR87] , Lemma 5.12. Let T sc 0 be the inverse image of (T 0 ∩ G der ) 0 under the canonical isogeny G sc → G der , and pick any morphism h 0 ∈ X factoring through (T 0 ) R , which exists since
), 2 and consider the cocycle α ∞ ∈ Z 1 (Gal(C/R), G sc (C)) defined by
As a mater of fact, this has values in T sc 0 (C). Indeed, by [Sh79, Prop. 2.2], the automorphism Int(w −1 ) of (T sc 0 ) C is defined over R, so Int(w −1 )(ι(t)) = ι(Int(w −1 )t) = Int(ι(w −1 ))(ι(t)) for all t ∈ T sc 0 (C), i.e. ι(w)w −1 ∈ Cent G sc (T sc 0 )(C) = T sc 0 (C), and so is wι(w −1 ) = ι(ι(w)w −1 ). Then, by Lemma 7.16 of [Lan83] , there exists a global cocycle
. When (T 0 ) Q l is elliptic in G Q l for some l = p, then the following lemma ensures the existence of a cocycle α ∈ Z 1 (Q, T sc 0 ) mapping to α ∞ ∈ H 1 (Q ∞ , T sc 0 ) and further to zero in H 1 (Q p , T sc 0 ). For a finitely generated abelian group A, let A tors be the subgroup of its torsion elements.
Lemma 4.1.2.
(1) For a maximal Q-torus T of G which is elliptic at l = p, the natural map
(2) There exists α ∈ Z 1 (Q, T sc 0 ) mapping to α ∞ ∈ H 1 (Q ∞ , T sc 0 ) and to zero in H 1 (Q p , T sc 0 ).
Proof of lemma.
(1) This is equal to the composite:
where the last two maps are clearly surjective. Hence, it suffices to prove that π 1 (T sc ) Γ(l) is a torsion group. But, since T sc Q l is anisotropic, T sc Γ(l) is a finite group, and so is
(2) For any place v of Q, there exists a canonical isomorphism ([Kot84a, (3.3.1)], [RR96, 1.14])
and a short exact sequence ([Kot86, Prop.2.6])
Here, θ is the composite conclude existence of α ∈ Z 1 (Q, T sc ) whose cohomology class maps to (β v ) v . Now, by changing α ∞ and w further, we may assume that α ∞ is the restriction of α to Gal(C/R). Then, since the restriction map H 1 (Q, G sc ) → H 1 (Q ∞ , G sc ) is injective (the Hasse principle), we see that α becomes trivial as a cocycle with values in G sc (Q). We summarize this discussion in the diagram:
So there exists u ∈ G sc (Q) such that for all ρ ∈ Gal(Q/Q),
Then, the homomorphism Intu : (T 0 ) Q → G Q : t → t ′ = utu −1 is defined over Q; in particular, T := uT 0 u −1 is a torus defined over Q, and as the restriction of Intu to Z(G) is the identity, T R is also elliptic in G R . Moreover, since u −1 ι(u) = wι(w −1 ) for ι ∈ Gal(C/R), one has that uw ∈ G sc (R) and Intu(µ ′ ) = Int(uw)µ
S, T ). This establishes the claims (i), (ii). The proof of the claim (iii) is similar. As the restriction of α to Gal(Q
p /Q p ) is trivial, there exists x ∈ T (Q p ) such that xρ(x −1 ) = α ρ = u −1 ρ(u) for all ρ ∈ Gal(Q p /Q p ), i.e. ux ∈ G(Q p ). But, the homomorphism Intu : (T 0 ) Q p → G Q p also equals Intu = Intux.
This proves (iii).
To finish the proof, we observe that for the pair ((T 0 ) Qp , µ ′ ) produced at the end of Step 1, if (T, h) is the special Shimura datum obtained from (T 0 , µ ′ ) by the procedure of Step 2, by the property (iii), b ′ equals the σ-conjugacy class of µ
Affine Deligne-Lusztig varieties and verification of the assumption ( †)
In this subsection, we prove that in fact, the assumption ( †) of Theorem 4.1.1 always holds (i.e. holds for every b ∈ B(G Qp , X)). For that, we use the fact (due to Witenberger [Win05] )) that for any b ∈ B(G, {µ}), the affine Deligne-Lusztig variety X µ (b) is non-empty. From the latter fact, we give two ways of verifying the assumption ( †).
Let L be the completion of the maximal unramified extension of a non-archimedean local
field F in an algebraic closure F of F and σ ∈ Aut(L/F ) the relative Frobenius. Let G be an unramified reductive group over F .For a conjugacy class {µ} of cocharacters of G defined over L, we have the finite set B(G, {µ}) defined in (3.2.7). Let S be a maximal F -split torus of G and T its centralizer (so T is a maximal torus of G, since G is quasi-split); corresponding to S, there exists an apartment a in the Bruhat-Tits building B(G, L) of the reductive group G L over L (cf. [Tit79] ). Let K = Stab(x) be the (hyper)special subgroup of G(L) corresponding to a (hyper)special vertex x of a. Fix a uniformizer ̟ of F . The affine Deligne-Lusztig variety associated with µ ∈ X * (T )/Ω and b ∈ G(L) is defined to be the set
Recall that a cocharacter µ ′ ∈ X * (T ′ ) of a maximal torus T ′ of G F is said to be minuscule if α, µ ′ ∈ {−1, 0, 1} for all simple roots α ∈ ∆(G, T ′ ). It is well-known ([Del77, 1.2.5]) that any Hodge cocharacter µ = µ 
Proof. It suffices to show that 
(4.2.3.1)
Denoting again (by abuse of notation) by µ ′ (p) the class of µ ′ (p) in B(T ′ ), we have
, Thm. 1.15 (ii)). So, since the elements µ ′ (p), b ′ of B(M ′ ) are both basic, their equality can be checked after applying κ M ′ . Then, the equality
Recall that for a Levi subgroup M of G, an element b of M (L) is said to be G-regular basic for M if the σ-conjugacy class of b in B(M ) is basic (so that ν b is defined over Q p , cf. [Kot85, (4.4.3)] ) and Cent G Qp (ν b ) is equal to M (cf. [Kot85,  §6]) . A Levi subgroup of G is said to be standard if it contains the centralizer Cent G (S) of a maximal Q p -split torus S of G (Cent G (S) is a maximal torus since G is quasi-split).
Proposition 4.2.4. Let G be an unramified connected reductive group over Q p and C be a G(Q p )-conjugacy class of cocharacters, containing a minuscule one µ 0 : G mQ p → G Q p . Let G Zp be a reductive Z p -group scheme with generic fibre G Zp ⊗ Zp Q p = G and put K p := G Zp (Z p ). Let B(G, C) be the subset of B(G) as defined in (3.2.7).
(1) For any b ∈ B(G, C), there exists a pair (T, µ) satisfying the assumption ( †) of Theorem 4.1.1 and furthermore such that the unique hyperspecial subgroup of T (Q p ) is contained in K p .
(2) Suppose that one of the following two conditions holds: (i) G der is simply connected; (ii) there exists a representation ρ : G Q p → GL(V ) over Q p with finite kernel and such that every weight of ρ • µ 0 is either 0 or 1;
Then, for every triple
, and T is a maximal torus of M , there exists µ ∈ X * (T ) ∩ C such that
(3) Under the assumption of (2), for any b ∈ B(G, C), there exists a quadruple (M, b, T, µ) as in (2), which further satisfies that b ∈ M (L) is G Qp -regular basic, T is an unramified elliptic maximal torus of M , and that the unique hyperspecial subgroup of
Note that clearly the condition (ii) of (2) is satisfied when (G, C) arises (via obvious base-change from Q to Q p ) from a Hodge-type Shimura datum.
In the cases of the assumptions of (2), by Lemma 4.2.3, (2) and (3) together give another proof of the fact that the condition ( †) as well as the claim on the hyperspecial subgroup hold for every b ∈ B(G, C), with certain simplification (i.e. simple proof of (4.2.4.3)) in the Hodge-type case (ii).
(1) This is what is established in the proof of Lemma 5.11 of [LR87] ; a (slightly different) account of this proof is also given in [Kis13, Lem. (2.2.2)]. From the start, LanglandsRapoport considers only isocrystals b ∈ B(G Qp ) with non-empty X µ (b). Also, in their argument, T can be any (unramified) maximal Q p -torus of G Qp . So in our case, we can simply take T to be an unramified maximal Q p -torus of G Qp such that the unique hyperspecial subgroup of T (Q p ) is contained in K p (which exists by Lemma A.0.4). Here, for the convenience of readers, we give a sketch of the argument of [LR87, Lem. 5.11]; we also use the notations of loc.cit.
Let M be the centralizer of a maximal Q p -split sub-torus of T . It is a Levi subgroup of a parabolic subgroup Q of G defined over Q p . Note that T is an elliptic maximal torus of M and M is unramified (since T is assumed to be unramified). We may assume that
is a special subgroup of M (L) ( [Tit79] ). Then, choose an unramified maximal Q p -torus T ′ of M such that T ′ contains a maximal Q p -split torus whose corresponding apartment in the Bruhat-Tits building contains the hyperspecial point corresponding to K p = G Zp (Z p ) (so that the hyperspecial subgroup of T ′ (Q p ) is contained in K p ); from the beginning, one can assume that T is such a torus and take T ′ = T (Lemma A.0.4). Choose representatives b ∈ M (L) of b and µ ′ ∈ X * (T ′ ) of C. Then, the following facts are established step by step:
(i) There exist m ∈ M (L) and n ′ ∈ N (L), where N is the unipotent radical of Q, such that
(ii) Let µ ′′ ∈ X * (T ′ ) be defined, via the Cartan decomposition for M ([Tit79, 3.3.3]), by that
factors through T (which exists by Prop. 6.2 of [Kot85] ) and let µ be a cocharacter of T that is conjugated to µ ′′ in M . Then for any L r = L(F p r ) splitting T , we have an equality in X * (T )
The statement (i) is a consequence of that X µ ′ (b) = ∅. The claim (ii) is the technical heart of the proof. It is proved using [Kot84b] , Lemma 2.3.3 and 2.3.7: the latter lemma uses Satake transform, and the former lemma can be given a simple proof in Hodge-type situation (the case (ii) of the statement (2) of this proposition, cf. proof of (4.2.4.3) below). We note that the equation (4.2.4.1) implies 
The proof of (iii) goes as follows: clearly, the equality in (iii) is equivalent to the statement that for each Q p -rational character χ of T , one has that χ, µ = χ, ν b (this is the same as (5.n) on p.178 of [LR87] : ν p in (5.n) equals rν b = [L r : Q p ]ν b in our notation, and the sign difference is due to that our sign convention of c(G Qp , X) is different from that of Langlands-Rapoport) . But because T is elliptic in M , each Q p -rational character of T can be also regarded as a character of M (equivalently, of the maximal abelian quotient M ab of M ), and as χ, µ = χ, µ ′′ for any character χ of M , the claim (iii) is the same as that for every 
). Furthermore, there exists an unramified elliptic maximal Q p -torus T of M (Lemma A.0.4). So far these discussions concern Q p -groups.
For Z p -groups, we can choose a maximal Q p -split Q p -torus S such that in the Bruhat-Tits building B(G, Q p ), the hyperspecial point x fixed by K p is contained in the apartment associated with S. For such S, let S Zp be the reductive Z p -group scheme with generic fiber being S and such that S Zp (Z p ) is the (unique) hyperspecial subgroup of S(Q p ). We claim that S Zp and T ′ Zp := Cent G Zp (S Zp ) are smooth, closed subschemes of G Zp . To see that S Zp is a closed subscheme of 
and its generic fibre T ′ := Cent G (S) is a maximal torus of G which splits over L, since G Qp is quasisplit ([Tit79, 1.10]). Next, there exists a N) is a morphism from G m to S ⊂ T ′ (not just a quasi-cocharacter). Then, the image of N ν p is a Q p -split subtorus of T ′ , and since T ′ extends over Z p , this image extends uniquely to a Z p -subtorus U of T ′ Zp (use the equivalence between the category of Q p -tori and the category of free Z-modules with Γ(p)-action, under which Z p -tori correspond to unramified Γ(p)-modules). The morphism U → T ′ Zp is a closed embedding ([SGA3, IX.2.5]). Now, as mentioned above, we may take Cent G (N ν) for M . It is the generic fibre of M Zp := Cent G Zp (U ), which is a reductive group scheme over Z p ([SGA3, XI, 5.3], [Con11, 2.2]). Therefore, by Lemma A.0.4, there exists a maximal torus T Zp defined over Z p of M Zp whose generic fibre T = T Zp ⊗ Q p is elliptic in M = M Zp ⊗ Q p (and thus is unramified over Q p ). Finally, the claim follows since the unique hyperspecial subgroup of T (Q p ) is T Zp (Z p ) (which is also the unique maximal compact subgroup of T (Q p )).
(2) Following [Kot03], §4.2, for arbitrary µ ∈ X * (T ), we put
where Conv(Ω G · µ) denotes the convex hull in X * (T ) R of the orbit Ω G · µ, Ω G being the absolute Weyl group of T in G. In the original definition of P µ , instead of our T , Kottwitz used a maximal torus of M containing a maximal Q p -split torus of G Qp , but there is an obvious bijection between P µ 's obtained using two different maximal tori of M . We also remark that when G der is simplyconnected, the first condition [ν] G = [µ] G in the definition of P µ is implied by the second one (under this assumption, the second condition implies that µ − ν lies in the coroot lattice α∈∆ Zα ∨ = X * (T ∩ G der ); see below for a proof).
Let P µ,M denote the subset of π 1 (M ) Γ(p) (which was denoted by Y M in [Kot03] ) obtained as the image of P µ under the canonical surjection
On the other hand, the result of Wintenberger (Theorem 4.2.2) tells us that for any minuscule cocharacter µ ′ and any b ′ ∈ G(L),
Hence, it follows from these together that for any
Finally, it remains to show that
In turn, since one has
First, suppose that G der is simply connected. Then, for any minuscule cocharacter µ ′ ∈ X * (T ), one has
where Q ∨ = α∈∆ Zα ∨ is the coroot lattice. The equality (a) is due to the fact ([RR96, Lemma 2.2]) that when one fixes a set ∆ of simple roots and µ ′ lies in the associated closed Weyl chamber
R for every w ∈ Ω, and the fact that
for simply connected G der . To see the second equality, we note that since G der is simply connected, (T ∩ G der ) 0 = T ∩ G der , thus the submodule X * (T der ) of X * (T ) is a direct summand (as follows, for example, by applying [Kot84b, Cor. 2.3] to the exact sequence of diagonalizable groups 1 → T ∩ G der → T → G ab → 1, to get an exact sequence of free Z-modules). 3 The equality (b) is [Kot84b, Lemma 2.3.3].
3 We also note the fact that when G der is simply connected, for x, x ′ ∈ X * (T ), if x − x ′ ∈ X * (T der ) R , one has that
Next, suppose that we are in the situation of case (ii). Fix a maximal torus T ′ of GL(V ) containing ρ(T ). Since the induced map ρ * : X * (T ) → X * (T ′ ) is linear, we have the inclusion
Also, since ρ has finite kernel, ρ * is injective. Let {e 1 , · · · , e n } be the weights of the representation T ′ → GL(V ); clearly, these form a basis X * (T ), giving an identification X * (T ′ ) = Z n , X * (T ′ ) = Z n . Likewise, the set {e 1 • ρ, · · · , e n • ρ} consists of weights of (T, ρ| T ), and for any µ ∈ X * (T ), each
. So, by assumption (which also implies that for any µ ∈ Ω G · µ, every weight of ρ • µ is either 0 or 1), the set ρ * (Ω G · µ ′ ) ⊂ Z n is contained in the set of vertices of the hypercube
) must be equal to the vertex set of Conv(ρ * (Ω G · µ ′ )), and thus a subset of ρ * (Ω G · µ ′ ). Since ρ * is injective, this proves (4.2.4.3).
Remark 4.2.5. (1) The main ideas of the two proofs of the condition ( †) are quite similar. But, the details are still different. For example, the Levi subgroup M in the proof of (1) is in general different (albeit related) from the Levi subgroup appearing in (2) and (3): the latter is the centralizer of a Q p -rational representative of the conjugacy class ν b , while the former is not necessarily so.
(2) In fact, the claim of (2) holds more generally for any Levi subgroup splitting over L (not just for standard Levi subgroups). Indeed, we only need to check that for such Levi subgroup,
Indeed, this direction of Theorem 4.3 of [Kot03] follows from Lemma 4.5, Lemma 4.6 there; this part does not use Lemma 4.4 of loc. cit., whose proof seems to require the group to be unramified, and Lemma 4.6 is Lemma 4.5 of [KR03] . Both of these lemmas (and the mathematical facts used for their proofs, such as the Iwasawa (resp. Cartan) decompositions for G L (resp. for M L )) are statements about either reductive groups defined over F and splitting over L (Lemma 4.5), or split reductive groups over L (Lemma 4.6 of [Kot03] , i.e. Lemma 4.5 of [KR03] ); one also notes that the same argument in fact establishes the stronger fact that if
4.3 First proof of non-emptiness of Newton strata We now give our first proof of the main theorem.
Theorem 4.3.1. Let (G, X) be a Shimura datum. Let p be a rational prime such that G Qp is unramified, and fix a hyperspecial subgroup K p of G(Q p ). Choose a prime ℘ of E(G, X) above p and an embedding ι p : Q ֒→ Q p inducing ℘. Then, for every b ∈ B(G Qp , X), there exists a special sub-Shimura datum (T, h : S → T R ) such that T Qp is unramified and the unique hyperspecial subgroup of T (Q p ) is contained in K p , and that the σ-conjugacy class of µ −1 h (p) ∈ G(Q ur p ) equals b. In particular, if (G, X) is of Hodge type, for every g f ∈ G(A f ), the special point [h, g f ] Kp ∈ Sh Kp (G, X)(Q) has good reduction at ι p and the F -isocrystal of its reduction in S Kp (F p ) is b.
Recall that a special point of Sh K is said to have good reduction at ι p if it extends as a point in S K (O ιp ) for the valuation ring O ιp of Q defined by ι p .
Proof. We can apply Theorem 4.1.1 and Proposition 4.2.4, to obtain a special Shimura datum (T 1 , h 1 : S → (T 1 ) R ) such that (T 1 ) Qp is unramified and the unique hyperspecial subgroup of T 1 (Q p ) is contained in Int(g p )(K p ) for some g p ∈ G(Q p ) and that the σ-conjugacy class of µ
p . Then, the new special Shimura datum (T, h) := Int(g)(T 1 , h 1 ) still enjoys the same properties and further satisfies that the unique hyperspecial subgroup of T (Q p ) is contained in K p . If moreover (G, X) is of Hodge type, according to Lemma 3.2.4, for every g f ∈ G(A f ), the special point [h, g f ] Kp ∈ Sh Kp (G, X)(Q) has good reduction at ι p : Q ֒→ Q p and the F -isocrystal of its reduction in S Kp (G, X)(F p ) is b.
Corollary 4.3.2. Let (G, X) be a Shimura datum of Hodge type. Choose an embedding ι p : Q ֒→ Q p and let ℘ be the prime of E(G, X) induced by ι p . Suppose that G Qp is unramified and choose a hyperspecial subgroup K p of G(Q p ). Then the reduction S Kp (G, X) × κ(℘) has non-empty ordinary locus if and only if ℘ has absolute height one (i.e. E(G, X) ℘ = Q p ).
Proof. The necessity of E(G, X) ℘ = Q p was proved in [Bul01, Section3] . For sufficiency, we note that it suffices to find a special Shimura sub-datum (T, {h}) with the following properties:
(i) T Qp is unramified and the unique hyperspecial subgroup of T (Q p ) is contained in K p ; (ii) there exists a Borel subgroup B over Q p of G Qp containing T Qp and such that µ h ∈ X * (T ) lies in the closed Weyl chamber determined by (T Qp , B).
Indeed, then the canonical Galois action of Γ(p) on X * (T ) coincides with the naive Galois action, hence one has that E(G, X) ℘ = E(T, h) p , where p is the prime of E(T, h) induced by ι p . Given this, the corollary then follows from the fact ([Bul01, Lem.2.2]) that for a CM-abelian variety A over Q(⊂ C) with CM-type (F, Φ), where F is a CM-algebra and Φ is a subset of Hom(F, C)) with Φ ⊔ ι • Φ = Hom(F, C), the reduction of A at ι p : Q ֒→ Q p is an ordinary abelian variety if and only if the prime of the reflex field E = E(F, Φ) induced by ι p is of absolute height one; when A is defined by a special Shimura datum (T, h), the reflex field E(F, Φ) equals the reflex field E(T, h) defined earlier.
Now, to prove the claim, let K p = G Zp (Z p ) for a reductive Z p -group scheme model G Zp of G Qp and S a maximal Q p -split torus of G Qp such that in the Bruhat-Tits building B(G, Q p ), the hyperspecial point x fixed by K p is contained in the apartment associated with S. For such S, let S Zp be the reductive Z p -group scheme with generic fiber S and such that S Zp (Z p ) is the (unique) hyperspecial subgroup of S(Q p ). Then the proof of Prop. 4.2.4, (3) shows that S Zp and T ′ Zp := Cent G Zp (S Zp ) are smooth, closed subschemes of G Zp , and thus T ′ := T ′ Zp ⊗ Q p is unramified. Moreover, since G Qp is quasi-split, T ′ is a maximal torus of G Qp , and by construction the unique hyperspecial subgroup of T ′ (Q p ), i.e. T ′ Zp (Z p ) is contained in K p . Since G Qp is quasi-split, there exists a Borel subgroup B ′ defined over Q p which contains T ′ . Let µ ′ be the cocharacter in c(G, X) factoring through T ′ and lying in the closed Weyl chamber determined by (T ′ , B ′ ). Let (T, {h}) be a special Shimura sub-datum produced from (T ′ , µ ′ ) as in the proof of Theorem 4.3.1 using Theorem 4.1.1 (so, in particular T (Z p ) ⊂ K p ). Then, as (T Qp , µ h ) is conjugate to (T ′ , µ ′ ) under G(Q p ), the claim is now clear. (1) In fact, for any special Shimura sub-datum (T, h) with the properties (i), (ii) in the proof, every special point of Sh Kp (G, X) defined by it has µ-ordinary reduction at ι p . So, we get a more direct proof of non-emptiness of µ-ordinary locus (without invoking a Levi subgroup as in Proposition 4.2.4, etc).
(2) This corollary was proved in the PEL-type cases of Lie type A or C by Wedhorn [Wed99] . His argument was to first establish non-emptiness of the µ-ordinary locus, and then to check that the µ-ordinary locus equals the (usual) ordinary locus when E(G, X) ℘ = Q p (in the PEL-type cases of Lie type A or C). But to check the second statement, he relied on a case-by-case analysis. In contrast, we observe that in view of (1), the equality of the µ-ordinary Newton point and the ordinary Newton point when E(G, X) ℘ = Q p is a consequence of the existence of a special Shimura sub-datum (T, h) with the properties (i), (ii) in the proof (since the reduction of such special point attains simultaneously the two Newton points when E(G, X) ℘ = Q p ).
Construction of Kottwitz triple with prescribed F -isocrystal
In this section, assuming that G der is simply-connected, we construct a Kottwitz triple (γ 0 ; (γ) l =p , δ) (see below for its definition) such that the F -isocrystal with G Qp -structure attached to δ ∈ G(L) equals the given one. According to the Langlands-Rapoport conjecture [LR87] , which is now confirmed by Kisin [Kis13] , such a triple corresponds to anF p -valued point in the reduction of S Kp (G, X), if it satisfies certain additional condition, and under this correspondence the Fisocrystal of the abelian variety corresponding to the point is identified with the F -isocrystal defined by the σ-conjugacy class of δ in the triple. The Kottwitz triple that we will construct in this section will satisfy the additional condition just mentioned. Therefore, combined with the result of Kisin, we will get another proof of the non-emptiness of Newton strata for Shimura varieties with simply connected derived group.
Kottwitz triples
Our two main references for the material covered here are [LR87] , pp.
182-183 and [Kot88] , §2. Let (G, X) be a Shimura datum. Throughout this section, we assume that G der is simply connected. Let p be a rational prime. We fix a prime ℘ of E(G, X) that is unramified above p. Recall that Q is given as the algebraic closure of Q in C and E(G, X) is by definition a subfield of Q ⊂ C (thus the embedding Q ֒→ C determines an infinite place E ֒→ C) . For every place v of Q, we fix an embedding Q ֒→ Q v , such that for v = p, ∞ this should induce the above places of E(G, X). For each r ∈ N, let L r denote the unramified extension of degree r of Q p in Q p (i.e. L(F p r ) in our previous notation), and denote by L = L(F p ) the completion of Q ur p , the maximal unramified extension of Q p in Q p . Let σ be the absolute Frobenius on L; so, L r is the subfield of L of elements fixed under σ r .
5.1.1
We consider a triple (γ 0 ; γ = (γ l ) l =p , δ), where (i) γ 0 is a semi-simple element of G(Q) that is elliptic in G(R), defined up to conjugacy in G(Q);
(ii) for l = p, γ l is a semi-simple element in G(Q l ), defined up to conjugacy in G(Q l ), which is conjugate to γ 0 in G(Q l );
(iii) δ is an element of G(L n ) (for some n), defined up to σ-conjugacy in G(L), such that the norm Nm n δ of δ is conjugated to γ 0 under G(L), where Nm n δ :
There are some conditions to impose on such triple. Let I 0 be the centralizer Cent G (γ 0 ) of γ 0 in G. For every place v of Q, we will define an algebraic Q v -group I(v) and an inner twisting
restricted to I 0 , gives an inner twisting ψ v : I 0 → I(v), well defined up to inner automorphism of I 0 . Next, for v = p, define an algebraic Q p -group I(p) by
Here, θ is the Q p -automorphism of Res Ln/Qp (G Ln ) induced by the restriction of σ to L n ; for more details, we refer to [Kot82] , where θ and I(p) are denoted by s (on p. 801) and I sδ (on p. 802), respectively. Then, Lemma 5.8 of loc.cit. gives us an inner twisting ψ p : I 0 → I(p), canonical up to inner automorphisms of I 0 ; since γ 0 and Nm Ln/Qp (δ) are G(Q p )-conjugated, γ 0 ∈ G(Q p ) lies in the stable conjugacy class of δ (cf. loc.cit. §5). Finally, at the infinite place, choose an elliptic maximal torus T of G R containing γ 0 . When we pick h ∈ X such that h factors through T R , by definition of Shimura datum, Int(h(i)) induces a Cartan involution on I 0 /Z(G), which we use to twist I 0 over R, obtaining an inner twisting ψ ∞ : I 0 → I(∞) with I(∞)/Z(G) being anisotropic over R. Then we consider the following condition on the triple (γ 0 ; γ = (γ l ) l =p , δ) as above; let ψ v : I 0 → I(v) be inner twistings as just described. ( * (δ)) the image of (the σ-conjugacy class of) δ under the map κ G Qp :
) is equal to µ ♮ (where µ ♮ was defined in (3.2.6)).
( * (γ 0 )) Let H be the centralizer in G Qp of the maximal Q p -split torus in the center of (Z G (γ 0 )) Qp . Then, there exists µ ∈ X * (H) which is defined over L n and lies in c(G, X) (via the given embeddings Q ֒→ C, Q ֒→ Q p ), and such that
where λ H is the homomorphism λ H : 
as in (5.1.1) with δ, δ ′ ∈ G(L n ) for (iii) are said to be equivalent, if γ 0 is stably conjugate to γ ′ 0 , γ l is conjugate to γ ′ l in G(Q l ) for each l = p, ∞, and δ is σ-conjugate to δ ′ in G(L n ). Then, for two such equivalent triples, one of them is a Kottwitz triple of level n if and only if the other one is so (cf. see [LR87, Lemma 5 .17] for the condition ( * (γ 0 ))).
3) As noted in [Kot88] , p.172, the condition (iv) holds if the Kottwitz invariant α(γ 0 ; γ, δ) (to be recalled below) is trivial.
4) The two conditions ( * (δ)), ( * (γ 0 )) are from [LR87] , p.182-183. Some authors do not include these (especially, ( * (γ 0 ))) in their definition of Kottwitz triple. This will be partly a matter of taste. It is, however, necessary to point out [LR87] that a triple (γ 0 ; (γ l ) l =p , δ) satisfying (i)-(iv) can correspond to anF p -valued point of the Shimura variety only if it further satisfies these two conditions, so from the viewpoint of the question of finding anF p -valued point of given Shimura variety using such triple (as in the current work), it is natural to include these conditions ( * (δ)), ( * (γ 0 )) in the definition of Kottwitz triple.
5) In view of our sign convention of c(G, X) in (3.0.6), our formulation (especially the sign) of the condition ( * (δ))) is the same as that of Kottwitz appearing in [Kot88, p.165].
Kottwitz invariant
We recall the definition of the Kottwitz invariant, cf. [Kot88] , §2.
Note that the centralizer I 0 of γ 0 in G is connected and reductive since γ 0 is semisimple and the derived group of G is simply connected. There is a natural embedding Z( G) → Z( I 0 ), and the exact sequence
where Γ := Gal(Q/Q). Let ker 1 (Q, Z( G)) be the kernel of the map
and let K(I 0 /Q) denote the subgroup of π 0 ((Z( I 0 )/Z( G)) Γ ) consisting of elements whose image in H 1 (Q, Z( G)) lies in ker 1 (Q, Z( G)). Since γ 0 is elliptic, we have an identification
and this is known to be a finite group. The Kottwitz invariant α(γ 0 ; γ, δ) is then a character of K(I 0 /Q) (i.e. an element of Hom(K(I 0 /Q), C × )), defined as a product, over all places v of Q, of local components, where the v-component is the restriction to
This product is trivial on Z( G). The character β v (γ 0 ; γ, δ) itself is the unique extension of another character α v (γ 0 ; γ, δ) on Z( I 0 ) Γ(v) with the restriction of β v to Z( G) being
Here, µ 1 is the negative of the restriction to Z( I 0 ) of the Weyl group orbit in X * ( T ) dual to the Weyl group orbit X * (T ) ∩ c(G, X). 4 For the definition of the character α v (γ 0 ; γ, δ), here we will be just contented with directing readers to the reference [Kot88] , §2.
Second proof of non-emptiness of Newton strata
Theorem 5.3.1. Let (G, X) be a Shimura datum such that G der is simply connected and G Qp is unramified. Fix a hyperspecial subgroup K p of G(Q p ). Then, for any b ∈ B(G Qp , C), there exist
• a maximal Q-torus T of G which is elliptic at R and unramified over Q p , and such that the unique hyperspecial subgroup of
) with δ ∈ b and having trivial Kottwitz invariant, and It follows from (b) that the Newton point ν T Qp (δ) of δ ∈ B(T Qp ) equals
We will see that as long as v ∈ T (O Lr ), the property (b) always holds and the property (c) is equivalent to that κ M (b) = [µ] M . Then, it is the property (a) for which we have to make a restricted choice of v; interestingly, µ does not play any significant role in such choice of v.
Lemma 5.3.2. Let T be a torus over Q p .
(1) For every s ∈ N, the image of
(2) If T is unramified, the σ-conjugacy class of any u ∈ T (O L ) is trivial.
Proof of lemma.
(1) The composition of the natural maps of algebraic tori over Q p
is an isogeny, so the image of the maximal compact subgroup of
(2) We recall (Theorem 2.2.5 (i)) the natural transformation κ : B(·) → X * (·) Γ(p) of setvalued functors on the category of connected reductive groups over Q p which gives isomorphisms for tori. For an unramified Q p -torus T , this isomorphism κ T : 
Namely, for such v, the element
satisfies the property (a). Also, by Lemma 5.3.2 (2), δ is σ-conjugated to µ(p) in T (L), which proves (b).
Step 3. Finally, we assume that our µ ∈ X * (T ) further satisfies that µ ∈ c(G, X). Fix h ∈ X which factors through T R and let µ h be the associated Hodge cocharacter. We will find an element γ l ∈ T (Q l ) which is conjugate to γ 0 in G(Q l ), characterized by certain cohomological property. In general, if an element γ l ∈ G(Q l ) is conjugate to γ 0 in G(Q l ), say, γ l = g l γ 0 g −1 l (g l ∈ G(Q l )), one has that τ (g l γ 0 g −1 l ) = g l γ 0 g −1 l , i.e. g −1 l τ (g l ) ∈ Cent G Q l (γ 0 )(Q l ), for all τ ∈ Gal(Q l /Q l ). In this way, one obtains a bijection between the set of Q l -rational conjugacy classes of elements γ l ∈ G(Q l ) which are conjugate to γ 0 in G(Q l ) and the set Ker[H 1 (Q l , I 0 ) → H 1 (Q l , G)].
On the other hand, we have a commutative diagram (for any finite place v) [Kot84a, Prop. 6.4] . Hence, if the image α l of the cocharacter −(µ h + µ) ∈ X * (T ) in X * (Z( I 0 ) Γ(l) ) = π 1 (I 0 ) Γ(l) (via the map X * (T ) → π 1 (I 0 )) is a torsion element and furthermore maps to zero in X * (Z( G) Γ(l) ) = π 1 (G) Γ(l) , it will belong to Ker[H 1 (Q l , I 0 ) → H 1 (Q l , G)] and accordingly we will get an element γ l ∈ G(Q l ) that is Q l -conjugate to γ 0 . But, the cocharacter −(µ h + µ) ∈ X * (T ) in fact belongs to the subgroup X * (T der ), where T der := (T ∩ G der ) 0 (= T ∩ G der ), and X * (T der ) Γ(l) = X * ( T der
) is a torsion group since T der Q l is an anisotropic torus by our choice of T . Moreover, as µ is an image of µ −1 h under the Weyl group action, −(µ h + µ) lies in the coroot lattice α∈∆(T,G) α ∨ , hence maps to zero in π 1 (G). Now, we claim that when we put γ 0 := Nm r (δ), γ v := γ 0 (v = p, l), γ l = α l the triple (γ 0 ; (γ v ) v =p , δ) forms a Kottwitz triple. First, we check the two conditions ( * (δ)), ( * (γ 0 )) of Definition 5.1.2. For the condition ( * (δ)), we recall the identity (from (3.2.6))
as µ ∈ X * (T )∩c(G, X). As δ belongs to T (L) and T Qp is also a maximal torus of M , the functoriality of the natural transformation κ : B(·) → π 1 (·) Γ(p) allows us to replace, in our verification, G Qp by M , in which case the condition ( * (δ)) is our assumption κ M (δ) = [µ] M . For the condition ( * (γ 0 )), recall that we introduced the centralizer H of the maximal split Q psubtorus of the center of (Z G (γ 0 )) Qp ; since γ 0 ∈ T (Q) and T Qp is an unramified maximal torus of G Qp , T Qp is also an unramified maximal torus of H. Hence, by the functoriality of the natural transformation Hence, when we fix embeddings T ֒→ I 0 ֒→ G, we see that β p (γ 0 ; γ, δ) is equal to the restriction of the character µ ∈ X * (T ) = X * ( T ) of T to is the pull-back of the character µ + µ h ∈ X * (T ) = X * ( T ) to Proof. This follows from Theorem 5.3.1 and [Kis13] , Theorem 0.3. The statement of this theorem of Kisin is formulated in terms of the notion of Galois gerbs and admissible morphisms, but it is known (cf. [Mil92, §5] , [Mil09] ) that this implies that for any Kottwitz triple with trivial Kottwitz invariant, there exists a point in Sh Kp (G, X)(F p ) which has that Kottwitz triple as the associated Kottwitz triple.
A A lemma on algebraic groups over p-adic fields
The goal of this appendix is to give a proof of the following fact, which is perhaps well-known (for example, it is mentioned without proof in the last paragraph on p. 172 of [LR87] ). But, since we could not find its proof in literatures, we present a proof here.
Lemma A.0.4. Let H be an unramified semi-simple group defined over a p-adic field F with ring of integers O F . Then H admits a maximal F -torus which is anisotropic and unramified. If K is a hyperspecial subgroup of H(F ), there exists a such maximal F -torus T ′ (i.e. aniostropic and unramified) such that the (unique) hyperspecial subgroup of T ′ (F ) is contained in K.
Proof. We first review some constructions in the general theory of reductive group schemes over S = Spec(O F ).
Let us use H (by abuse of notation) again to denote the reductive group scheme over S which is an integral model of the given F -group in question and such that H(O F ) = K. We fix a maximal S-torus T of H; by definition ([Con11, 3.2.1]), it is a S-torus T ⊂ H whose every geometric fiber T s is a maximal torus of G s in the usual sense. ). Now, to prove the lemma, it is enough to show the existence of an anisotropic maximal torus of the special fibre H κ = H ⊗ O F κ, where κ is the residue field of O F . Indeed, since Tor H/S is smooth over the henselian base O F , then there exists a maximal torus T ′ over O F whose special fibre is anisotropic. But, since T ′ is a torus over O F , the π 1 (S, η)-module attached to thé etale sheaf X * (T ′ ) = Hom Sé t (T ′ , G m ) is unramified (η is a geometric generic point of S), hence the F -rank of T ′ F equals the κ-rank of T ′ κ . Also, since T ′ is a subscheme of H, the unique hyperspecial subgroup T ′ (O F ) of T (F ) is contained in K = H(O F ).
For the closed point s of S and a (fixed) algebraic closure κ = κ(s) of its residue field κ = κ(s), there exists a canonical diagram
/ / H 1 (κ, AutT κ )
